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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
. . . - TECHNICAL NOTE NO. 908

SOME INVESTIGATIONS OF THE GENERAL INSTABILITY
* . OF BTIFFENED METAL CYLINDERS

IV - CONTINUATION OF TESTS OF SHEET-~-COVERED SPECIMENS

-

AND STUDIES OF THE BUCKLING PHENOMENA
OF UNSTIFFENED GIRCULAR CYLINDERS

Guggenheim Aeronautical Laboratory
California Institute of Technology

Thig is the fourth of a series of reports
covering an investigation of the general
instability problem by the California I
Ingtitute of Technology. The first five
- reports of this series cover investiga-
" " tions of the general instability problem
under the loading conditions of pure bend-
. - ing aend were prepared under the spousor-

- ship of the Civil Aeronautics Administra-
tion. The succeeding reports of this
series cover the work done on other load-
ing conditions under the sponsorship of
the National Advisory Gommittee for Aero-
pautics.

~

INTRODUCTIOR

This report is to deal primarily with the continua-
"tion of tests of sheet-covered specimens and studies of
the buckling phenomena of unstiffened cirecular cylinders.
The earlier work on this investigation of the problem of

~h general instability of stiffened metal cylinders at C.I.T.
has been reported in references 1, 2, and 3. Tests have
been completed on the first series of sheet-covered spec-

. imeng. The longitudinals and frames of the sheet-covered’

specimens were 1ldentical to those of the wire~braced spec-

imens discussed in reference 3. The sheet covering was
in all cases 0.010-inch 17S-T dural, The longitudinal
specing was varied from 2,53 to 10.12 inches and the
frame spacing from 1 to 16 inches. An attempt has been
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made to correlate the experimental data of the wire-braced
and sheet-~covered specimens. A detaliled discussion is
given in the discussion of the normal restraint coefflolent
in this report. Ryder's theoretical work has been applied
to three specimens. The results are tabulated in tadle

III and discussed in the body of the report.

In addition to the regsults on the sheet-covered spec-—
imens, the results of an investigatlion on axially loaded
thin-wall metal cylinders will be included in this report.
As the preliminary work of this investigatlon was dis-
cussed in reference 2, only resulte of the more recent
work are included. 4n important finding of thils lnvesti-
gatlon has been the determination of the initial wave form,
It has been found that the initial wave form does not agree
with the uniform sinusoidal type of wave which has been
previously assumed for the theoretical solution, but is
elliptical in shape, scattered at random through the cyl-
inder, and changes to a diamond shape as the load 18 in-

creased.

EXPERIMENTAL INVESTIGATION OF SHEET-COVERED SPECIMENS

As pointed out in reference 2, a number of sheet-
covered specimens were to be temted to determine whether
or not & correélation could be obtained between the fail-
ing bending moments of the wire-~braced and the sheet-
covered specimens. The construction of the sheet-covered
and wire~braced specimens was essentially similar, the
only difference being that the wire bracing was replaced
by the sheet. Detalls of construction and test procedurs
have been discussed in detail in reference 2 and will not
be repeated here.

Table I gives the complete gset of sheet-~covered spec-
imens which have been tested, the number of frames and
longitudinals 4in ‘each 'specimen, .the failing bending mo-
ment, thé critical compressive longltudinal stress, and
the restraint coefficient. Specimens 25 to 28 were die-~
cussed in reference 3, and specimens 29 to 39 have been
tested since that report was written.

Specimen 29 failed by panel ifnstadbllity; the tabulat~
ed compressive stress 1s that at which buckling betwsen
frames started and corresponds to a moment of 66,000 inchw
pounds. Because of the symmetrical buckling of the lon-
gitudinals, transverse stresses wers get up in the sheet,

p
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Ag the amplitudes of the longlitudinals increased, the
transverse stresses became larger and the stabilizing ef-
fect of the sheet increassd. This stadilizing effect of
the sheet on the longitudinals was quite evident at the
higher loads, as illustrated in figures 2 and 38, and pre-
vented collapsing of the specimen. The bending moment

wes 1incresased to0 123,000 inch-pounds without any definite
failure. Specimens 28 and 34 started to fell by panel in-
stability; however, upon increasing the bending momexnt the
frames falled at. the tabulated bending moment. The loads

at which panel instability occurred were 140,000 and 45 000

inch~pounds, resPectivelv.

In figure 4 the compressive falling stress, which is
discussed later, 1s plotted as a function of the longitudi-
nal spacing Db, for constant values af d/b referred to
as "aspect ratio." It L8 of considerable interest to note
that each curve is displaced by a contraction or expansion
of the abscissa. The regularity of this family of curves
would indicate that such a parameter exists that if the
comprossive stress is plotted as a function of this param-
eber a single curve. would be obtained. If such a param-
eter can be found, a limiting value could be established
which would indicate the transition region between panel
instability and gensral instability. A number of parame-
ters have been attempted, but as yet the resulis have not
been Very successful. In figure 37 the failing compres-

N 3
sive stress has been plotted as a function of if L%Z
the parameter suggested by Dschou's work. (See reference

1, p. 12). The resulting curve indicates a linear rela-
tionship. : :

In calculating Iot and Icf; the following assamp—

tlons were made:

1. The effective width of sheet acting wlth ec:h
longitudinal can be calculated by Marguerre's equation?

-

ol &

= —,E < I -' . L
vhere - ' o ' _ ; ) o T
Gy longlbudinal stress

Oy buckling stress of sheet
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2. The effective width of sheet acting with the frame
is equal to the effective width of shest acting with the

longitudinal.

Is is then the moment of inertia of the longltudi-
i X :
nal plus an effective width of sheet corresponding to the

longitudingl stress o, and ic . is the moment of iner-
£

tia of the frame plus an effective width of sheet equal Ho
that acting with the longitudinal. In view of these rather
arbitrary assumptions, too much confidence should not be
placed in this curve until further investigations have besn
carried out on the effects of changing the sheet thickness,
and the stiffness of the frames and the longltudinals.

Ryder's anslysis could be applied only to three spec-~
imens: namely, 25, 26, and 27, as the parameters of the
other specimens lie outside the range covered dy the pudb-
lished charts. The results for these three specimens are
given in table III.' In all three cases the calculated
pranel instabllity etress is larger than the calculated
general instability stress; hence the method predlcted cor-
rectly the occurrence of general inetability. The pre-
dicted instability stress and the experlmental value are
in good agreement for specimen 27; for specimensg 25 and 26
the predicted stresses are'considerably lower than the ex-
perimental stresses.

An extensive comparison between the theoretically
predicted general instability stresses and the experimen-
tally obtalned stresses will be given after tests have
been conducted on specimens in which the sheet thickness
and the stiffness of the frames and the longitudinals
have been varied.

MAXIMUM STRESSES IN THE LONGITUDINALS

In the first sheet~covered specimens an attempt was
made to measure the stresses in the longitudinals with
Huggenberger extensometers. The stress measurements as
indicated by the curves in figures 13 to 16 have not been
very successful, Various methods of attaching the in-
struments to the longitudinals have been tried; however,
the irregularity of the stress measurements has not been’
eliminated. & method of measuring the maximum stresses
which has been adopted is t¢o measure the over-all maximunm



NACA Technical. Note No. 908 5

deflections of the specimen by means of dial gages, as
shown in the photographs (figs. 3 and 38 to 47). If the:
elastic modulus of the longitudinals and the over—all
strain are known, the stresses can be calculated. Since
the radial deflections of the stiffeners are measured for
various increments of load, the maximum stress can be
correctly calculated, even for cases in which radial de—
flection occurs, by means of the equation .

o‘:é&?.__f()dx

where
o stress, pounds per sguare inch

AL total over—all deflection, inches

L 1eng%h of the specimen, inches
w radial deflection, inches
. 2
The expression Ei <§3> dx 1is the correction for the
: 2L
o

doflection caused by the wave form of the longitudinals.
It has been found that, in gencral, the corroction due
to the curvature (M/EI) is quite smgll; however, for
cases in which the longitudinals buckle betwsen frames, -
the correcivion becomes guite appreciable. Theose correc—
tions wore made in the measured over—all deflections of
spocimon 34. ‘The results of this latter type of stress
measuromont are shown in figures 8 to 12, in which the
stress is plotted as a function of the applied bending
moment . It is felv that these rcsults are more reliable
than those obtained from tne extensometer readings. One
disadvantage is that only . the maximum stresses are measured;
however, in the majority of cases only the maximum stresses
are oY primary importance. - -
The compressive stress curve in figure 12 is rather
intoresting in that three definite breaks occur in the
curvoe It sooms logical to assume that the first break T
is duc to buckling of the shect between longitudinals,
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the second %o buckling of the sheet between rivets, and
the third $o0 the stress exceeding the proportional limit
of the material,

A new method of calculating the actual stress which
occurs in the longitudinals of stiffened cylinders sub— *
jected to pure bending has been recently developed by
H, L, Cox (reference 4), Stress calculations based on
this method are in sxcellent agreement with the above—
described measured stresses, The tabulated stresses for
specimens 25, 26, and 28 were not measuredbut merely cal—
culated by this method; the stress for specimen 28 was
calculated on the basis of 168,000 inch~pounds bending
moment, assuming no buckling of the longitudinals,

THE NORMAL RESTRAINT COEFFICIENT P/5

The resistance of a stiffened cylinder to an exter—
nelly applied radial load has been discussed 1in detall B
in reference 3, As stated in the conecluding remarks, *
further sxperimental evidence was neccessary to establish
the valldity of P/G as a correlation parameter for the
wire—braced and sheet—covered specimens. It was also .
thought that this parameter might aid in predicting the
failing load of a specimen without applying any load to
the structure other than the loads necesgary to obtain
the P/8 values. 4 plot of failing bending moment &as
a function of .P/§ for all the sheet—covered specimens -
and for a number of the wire—braced specimens is shown
in figure 5., This plot indicates that the expected gen—
eral rolationship does not hold, inasmich as the failing
bonding moment ig not only a function of P/§ but also
varies with the longitudilnal spacing. The linear re—
lationship, however, holds between certain limits, For
the shest—covered specimens, the relation is linear with
the exception of the l—inch frame spacing, which is an
extreme case and can hardly be expected to conform. For
the wire—~braced specimens the relationship is, in general,
nonlinear. It should be noted that for the 5,06— and
10.12—inch longitudinal spac1ng the values of P/s differ
by only a few percent. To investlgate further the effect -
of longitudinal spacing, the P/§ value was obtained for
a specimen in which the longitudinal spacing was 50.6
inches — that is, only the top and the bottom longltudinals
remsined. The curves of P against § for thie specimen
and for a specimen having a 10.,12—inch longitudinal spacing
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are;shown in figure 7, The differsnce in the initial
slopes — that is, P/s, is only 5 percent. The small
difference which exists in the P/B value as the spac—
ing of the longitudinals is varied from 5.06 to 50,6
inches leads to the conclusion that after a certain _
longitudinal spacing, lying between 2,53 and 5.06 inches,
P/8 is no lonmger a measuré of the resistance of the
specimen as a wvhole to an externally applied load but
rather the resistance of a single longitudinal. The
critical longitudinal compressive stress has also been
plotted as a function of P/§ in figure 6, Only the
sheet—covered specimens having a 2,53— and a 5,06—inch
longitudinal spacing scatter around a commdn curve,

There are, therefore, two difficulties in using
P/a as a correlation paramseter for the failing moment:

ls It ig evident that the elastic characteristics
of the stiffened cylinder are determined by the longi—
tudinal and the circumferential stiffnesses. The measure—
ment of P/5 gives only something like the mean stif f—
ness in these two directions. . If the failing moment is
a function of the same mean stiffness, then the failing
moment will be a function of P/8 only. If this is not
true, then some other parameter like d/b (aspect ratio
of stiffening) must be used with P/6, This is confirmed
by the experiments, as shown in figurs 5. T B

2 It is glso evident from figure B that the value
of P/S changes very slowly when the longitudinal spacing
is large, while the failing moment changes very rapidly.
Thus the failing moment against P/S curve, at a constant
d/b ratio, is very steep when the longitudinal spacing
is large. Therefors, a small error in the P/§ deter—
minabtion gives a large error in the falling moment. Tt
should, however, be keopt in mind that the LO—inch longi—
tudinal spacing is already considerably larger than that
which would be encountered in practlce for gadﬁétricéily
equal structures. IR

At present, there is no evidence of a reasonable
correlation parameter between .the sheet—covered amd the
wire—braced specimens, and it probadly will be necessary

to continue the experimental work with sheet—covered speci-
mens., .
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DEFLECTION OF THE LONGITUDINALS

The deflection curves of the. longitudinals, after
feilure of the specimen, are shown in figures 17 to 344
A marked difference has been observed in the type of
failure of the wire~braced and sheet—covered specimens,
Failure of the wire—braced specimens was in general a
gradual process — that 1s, the specimens tend to approach
a maxinum bendling moment . in an asymptotic manner. The
failure, however, of the shest-covered specimens is char—
acterized by a sudden and violent collapsing of the spec—
imen. The radial deflection of the longitudinals, for
longitudinal spacings 1ess than 16 inches, is practically
zero up to the failing load. A number of photographs
(fizs. 38 to 47) also are included to illusbtrate further
the failure pattern of the longitudinals and the frames,

EXPER IMENTAL INVESTIGATIONS ON COMPRESSIVE FAILING

STRESS OF UNSTIFFENED CIRCULAR CYLINDERS

In the discussion of the strength of axially loaded,
unstiffencd cylinders (reference 1) it was pointed out
that a very poor agreement exists between expeorimental
results and those calculated by the classical bunckling
theories for circular cylinders. This was especisglly
true for large values of R/t. It was alsoc found that
viory little information was available on the effect of
length, particularly for values of IL/R< 1.

In view of the need for additionmal information con—
cerning theose two parameters a systomatic ilnvestigation
was carried out on steel cylinders in which the R/t
ratios were higher than had been previously investigated
and on cylinders whose longths were less than the radius,
The specific parameters involved in this investigation
werel

1, the radius—thickness ratio R/t
2. tine longth—radius ratio i/R

3. the critical stross—olastic modulus ratio o/E
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Tho spocimens tested worc all fabricated from standard
shim stock steel in which the norminal thiclness was
varied from 0,002 to 0,009 inch, . Since tho fabricated
cylinders had g radins of 6,376 inches the R/t range
varied from 750 to 3000. The IL/R ratio was varied
from 0.1 to 1,5,

The ends of the test cylinder were rigidly clamped
into sfeel end plates, giving fixed end support to the
axial Tibers of the cylinder. The test apparatus is R
shown in figures 48 and 4%, The load was applied by
means of the screw Jack and transmitted through the ring,
which measures the load, to the cylinder. To prevent any
horicontal components of load, the ring was mounted on a
spherical ball joint.

The test results are shown in figures 35 and 36,
in which o/B . is plotted as a function of L/R for con-
stant values of R/t,

where
o .failing stress, pounds per square inch,
E Toung's modulus, pounds per sguare inch

An empirical equation was developed to f£it the experimental
roints. The equation is essentially of the same form as
the Wagner empirical design formula (reference 5), inasmuch
as the variables used are +/R and +%/L; however, the-co—
efficients and exponents have been modified to read:

= 9(s/R)* "%+ 0.16 (5/1) "7

=iQ

A plot of this eguation Ffor wvalues of R/t and L/R
corresponding to the range of the experimental investi—
gation is shown by the curves in figures 35 and 36, For
valvwes of L/R greater than 1.5 experimeiital results
indicate that of/E is for all practical purposes a 6O~
stant. ' o

These experimental results are again at variance
.with the theoretical investigation of W. Flligge as cited
by S. Timoshonko, (See reference 1.) The classical theory
of W. Flligge shows that the length effect is negligibdble
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until I /mR is lower than 0.B; where m is the number
of half—waves in the axial direction, Since the edges
of the tust spocimoens werpe clamped, it is evident that

m = 2- for the short cylinders. According to the clas—’
sical thecory, therefore, tho lengih offect is negligible
until L/R is less than O.4. This is another failuro
of the ¢classical theory of thin shells to predict cor—
roctly tho behavior of buckling phenomena.

Since the physical propesrtises of the shim stock
varied for overy thickness, 1%t was nocessary to defer—
mine exporimentally the modulus of. elasticity for each
thickness., The results are tabulated in table II, The
stross—strain relation was obtained for the material in
toensiony the teunsion load was appliled, with refoersnce to
the grain structure of the material, in the same direction
as the compression load in the test cylinder,

DBTAILED STUDY OF BUCKLING PHEENOMENA

OF CYLINDRICAL SHELLS

Tho relatively largo discrepancics botweon the theo—
retically predicted and the oxperimentally obtained duck—
ling loads have led to the conclusion that some of the
assumptions made in the theooretical treatment of the prob—
lom may be at variance with the actual conditions. EHonco,
to obtain a botter understanding of the mochanism involved
in the fallure of thin-wall cylinders, it was felt that it
would be désirable to doteormine the oxact shapo of the
initial waves which appcar in tho tost c¢ylindor. This was
accomplishod by rostraining the lcocading mechanism so that
any dosired over~all dofloction could be maintained at
any stage of the loading.

The test apparatus is shown in figures 50 to 52.
The threc upper sct screws afford adjustment of the load—
ing hcad and rest on a 3/4-inch - plate, This plate, in
turn, is held in position by three l/2~inoh screws roet—
ing on the base plate and turned by means of the goar
systom shown. This lowers or raises the 3/4—ineh plate
ag dosired. The small 2—inch central gear, which turns
tho three 5~—inch diameter gears, can be oxtornally oporated,
In this manner the motion of the loading hoad can be arrest—
od at any desired posgition during loading of the specimon.
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The progressive change in the wave shape and the wave
pattern is indiceted in figures 53 to 64. The first speci—
men, designated as C—1 %0 C—6 in the figures, was 9 inches
long with a 0,0034—inch wall thickness. The sscond speci—

men, C—8 $o0 C—13, was 6 inches long with a 0,0034—inch wall
thickness,

It should Be nated that the wave pattern does not agree
with the uniformly distributed sinusoidal type of wave which
has been previously assumed for the theoretical solution.
The iritial wave form is elliptical in shape and scattered
at rardom through the specimen. As the load is increased,
the waves tend toward a dilamond shape and move %o a more
uniform configuration. DThe discrepancy between the actual
and the assumed wave form may acdéount for the large differ—
ence in the theoretically predicted and the experimentally
obtained buckling load.

Guggenheim Aeronautical Laboratory,
California Institute of Technology,
Pagadena, Calif,, September 1939,
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TABLE I

PURE BEEDISG TESTS OF LONGITUDINALS ~ FRAME COMBIFATICHS

[A11 longltudinals S,; all frames Fgl

Longitudinal Frene Rumbexr of / Failing |Msx. com-
Tgat | spacing, spacing, fremes P/& moment pressive
P b d & in 6% in, M.B. stregs at Type of failure
f3.. 3 fa. Y -t fa. 113 L
\lile / \ kBl g \Adlle=Lri)/ LaLLuxns
25 2.53 8 7 330 § 219,000 16,200 General ingtability..
26 2.53 Yy 15 50 | 274,000 19,%00 Do.
27 2.53 2 31 g1k [ 359,000 25,600 Do,
28 2.53 16 3 255 | 168,500*71 13,000 | Started by panel imstability
fipal fatlure gereral insta-
_ bility.
29 - 5.06 16 3 222 | 123,000% €,600%* | Panel instability.
30 5.06 g 7 257 | 107,500 12,200 General ingtability.
-3 5.06 L 15 750 | 137,500 16,500 Doa
32 5.06 2 71 B1O | 185,000 "22,200 Do,
T3y 10,12 16 3 209 | 50,000 8,200 Started by panel instability -
. ' - " B final failure general insta—
N bility.
35 - 10.12 g 7 261 | 60,000 10,500 Genersl instability.
36 10.12 b 15 361 75,000 14,200 Do.
-37 - 10,12 2 31 476 | 100,000 17,800 Do.
38 | " 5.06 1 63 7 209,000 26,000 Do.
39 © - 2.53 1 63 815 | 397,000 29,600 Do.
“*Failing bending moment.
**Panel instability stress.
i : L < - N

et

*Of 930§ TBOTUYOSI VOTR

808
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TABLE II

VARIATIONS OF YOUNG'S MODULUS

WITH THIGENESS

Nominal thickness

Young'!s modulus

(in.) (1bv/sq im.)
0.002 33.5 x 10°
,003 32.0
.004 32.4
.005 l.5
.006 30.6
.Q085 29,0

13



CALCULATION OF CRITICAL STRESS BY RYDER'S METHOD

TABLE III

FOR. SHEET~COVERED SPECIMENS

Longi~ |Frame |Max. com- & /PL Calcu~
tudinal | spac—~|pressive . 0 lated

Spec~|spating,| ing |stress ab Oer __IGf/IOf K, |Kp= Togd | Aot Kos dogb K, = G'tY | (from |criti-
imen | b & |failure, | 9 |Ioy/1y KIgd| Aoy | ° Eadogdl " EKyAq|Ryder’s) cal

(in.) [(in.){(oy,) curves)| stress

XD ’ (1b/sq

in.)

o7 | 2.53°| 2 | 25,600 [6.40| 1.29 |1.30| 0.054L [0.915{ " o.89% | o0.101 | 0.50 |22,290

26| 2.53 | K 19,400 |5.88 | 1.29 {1.30f .0270 | 922 g ,100 | .30 13,380

25| 2.53| & [16,200 |50 1.30 {130 o135 |.q17|  .ee3 100 | .18 | &0

bt 1 ’ » ‘ b

¥T

TeOoTUYOeL VOVN

‘ON ©30K
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FIGURE 2

Deflection pattern of longitudingls causing transverse
gtresses to be set up in the sheet.
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FIGURE 3

Diagram showing measurement of overall axial deflection.
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